The g-Harmonic Oscillator and an Analog of the Charlier polynomials 



R. Askeyf and S. K. Suslov| 

Abstract. A model of a g-harmonic oscillator based on g-Charlier poly- 
nomials of Al-Salam and Carlitz is discussed. Simple explicit realization 
of g-creation and g-annihilation operators, g-coherent states and an ana- 
■ log of the Fourier transformation are found. A connection of the kernel of 

0\ . this transform with biorthoeonal rational functions is observed. 

0^ ■ 

Models of g-harmonic oscillators are being developed in connection with quantum 
groups and their various applications ( see, for example, Refs. [1-5]). The g-analogs of 
boson operators were introduced explicitly in Refs. [1,3] and [5], where the corresponding 
wave functions were found in terms of the continuous g-Hermite polynomials of Rogers [6,7] 
and in terms of the Stieltjes-Wigert polynomials [8,9], respectively. Here we introduce 
one more explicit realization of g-creation and g-annihilation operators with the aid of 
g-Charlier polynomials of Al-Salam and Carlitz [10]. 
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The g-orthogonal polynomials studied by Al-Salam and Carlitz may be considered 
as a q-version of the Charlier polynomials c^(s) ( see, for example, [11,12] ). To emphasize 
this analogy we use the notation c^{x \ q) for the Al-Salam and Carlitz polynomials. In 
^ ■ our notation they can be defined by the three-term recurrence relation 

^ : I g) + (1 - ?")?-'^ct:_i(x I g) = ((^ + g)g— ^ - x) c^^{x \ g) , (1) 

I> , , 

O . Cq (a; I g) = 1 , c^(a: I g) = /U (a* + ? — Q.^) ■ These polynomials are orthogonal 

^ : E ^"raiq- I q) I q) Pis)q-' = (2) 

■ s=0 ^ 

with respect to a positive measure 



X 

'—I u — 

where the usual notations (see [13]) are 



s 

LI q 

p(s) = (/i;g)oo7 — ;0</i,g<l, (3) 



n-l 



A:=0 

(a,6;g)n = (a;g)n(6;g)^, (4) 
(a; g)oo = lim (a; g)^ . 
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The weight function (3) is a solution of the Pearson equation A(crp) = prVxi (for details, 
see [12,14]) with x{s) = q-\ a{s) = (1 - - g^"*), a{s) + T(s)Va;i(s) = /i. The 

explicit form of the polynomials c^(a; | q) is 



<{x I q) = 2Mq 9> Q^^""//^), x = q ' . 



(5) 



For the definition of the basic hypergeometric function 2</?o , see [13]. In the limit g — > 1 it 
easy to see from (1) or (5) that 



hm c^^-'^^^{q-' I q) = 2Fo{-n, -s; = 



(6) 



This justifies our notation for the Al-Salam and Carlitz polynomials. 



The polynomials c^(a; | q) give us the possibility to introduce a new model of a q- 
oscillator. We can define a q- version of the wave functions of harmonic oscillator as 



Ms) =djq ^'pHs)c'^{q ' \ q) , 
where = (g; q)n/l^^- These g-wave functions satisfy the orthogonality relation 

oo 
s=0 

The q- annihilation a and q- creation a"*" operators have the following explicit form 



(7) 



(8) 



(9) 



a+ =(1 - q)-^ L^g* - e"^V(l - g*+^)(l - /^g*) 



d 



where dg = e'^^' f(s) = f(s + a). They satisfy the g-commutational rule 
ds 

aa~^ — qa^a = 1 

and act on the g-wave functions defined in (7) by 

1 1 

where 

1 _gn 



(10) 



(11) 



1-g 



In this model of the g-oscillator equations (11) are equivalent to difference-differentiation 
formulas 

//g«Ac^(a;|g) = (g--l)c^i(a;|g), 
g«V[p(s)<(a;|g)]=p(s)<+i(a;|g), 



respectively. Here A/(s) = V/(s + 1) = f{s + 1) — f{s) and x = q~^. In view of (6) the 
functions il^n{s) converge in the hmit g — 1~ to the wave functions of the discrete model 
of the linear harmonic oscillator considered in [15]. 

The q-Hamiltonian H = a'^a acts on the wave functions (7) as 

H^Jn = en'ipn (12) 

and has the following explicit form 

H=il- ^s^^^ _ ^^s-iy (^3) 

By factorizing the Hamiltonian ( or the difference equation for the Al-Salam and Carlitz 
polynomials ) we arrive at the explicit form (9) for the g-boson operators. 

Since a'^a = H, the relation (10) can be written in the equivalent form 

[a, a+] = 1 - (1 - q)H ^ . (14) 

The operator 

N=^\og[l-il-q)H] (15) 

can be considered as the number operator, since 

[a,7V] = a, [N,a+]=a+. (16) 

From these relations one can obtain the equations (11) and the spectrum (12) of the 
g-Hamiltonian in abstract form. The g-wave functions are 

'*/'n(-s) = Cn (a+)'^'0o(s) , a'0o(s)=O, 

where c„ = (e„!)~-^/^ and ej. = 6162 . . . e^. 

For the model of the g-oscillator under discussion we can construct explicitly q- coherent 
states and an analog of the Fourier transformation. For the coherent states | a) defined by 

a \ a) = a \ a) , {a\a) = 1 , 



/a = ((l-g)|ap;g)^, (1 - g) | < 1 



we can write 



^ t 



a)^fa{pq ^<{x\q),t^aii^{l-q)^ . (18) 



With the aid of the generating function [10] 

_r I {qtx/fi;q) 

(< 

n=0 

we arrive at the following explicit form for the qf-coherent states 



1 

where p = (g; ?)^"'^(?*"'"^ > A*?*; ?)ooA**?* • These coherent states are not orthogonal 



(a 1/5) 



((l-Q)|a|2,(l-g)|/3p;g) 



1/2 
oo 



where * denotes the complex conjugate. 

To define an analog of the Fourier transform we can consider, following Wiener's 
approach to the classical Fourier transform [16] ( see also [17,18] ), the kernel of the form 



n=0 



(21) 



= {p{s)p{p)q-^-^Y c^r.{^-^ I q) I q) . 



n=0 9)r 



The series can be summed with the aid of the bilinear generating function by Al-Salam 
and Carlitz [10] 

2^ c„ K^x I q) I q) ^ ^^^^^ ^ 



n=0 

The answer is 



\qtx/ in.qty/ 112 Pif^2j 



Kt{s,p) = {p{s)p{p)q-^-^y {tq^-%tq^-^-qU 

{qt,qt,iJ,t;q)oo 

(q-',q-P,lit qH\ 
The g-wave functions (7) are eigenfunctions of the "discrete g-Fourier transform", 

oo 

^'"^m(s) =$^i^.(s,p)^^b). (24) 



The orthogonality relation of the kernel, 

oo 

J2Kiis,p)K*is',p) = 5ss', (25) 

p=0 

implies the orthogonality of the rational functions (23). In view of (6) in the limit g — > 1~ 
we get the "discrete Fourier transform" considered in [17]. 

Similarly, with the aid of the bilinear generating function (22) and the orthogonality 
property of the Wall polynomials, which are dual to the polynomials (5), one can obtain 

the biorthogonality relation 

oo 

Um{s) Vn{s) p{s)q~'' = d^^mn (26) 

with 



f B2. B2. ■ 



pis) = ^Plq' 

and 

(/^i,/^2;g)oo f^,^; ^ ^ 
for the zip2-rational functions of the form 

/ q-^.q-\h ^2 

um{s) = 3</'2 ti ti ^-s;q, — I ; (27) 

\ — q 1 — q 12 
\ /^i /i2 

Vn{s) =U„{s)\t^^t2\ *l*2=AtlA*2. 

These functions are self-dual. They belong to classical biorthogonal rational functions 
[19,20]. 

We have considered here the explicit form of g-boson operators which satisfy the 
commutational rule (10) when < g < 1. The case g > 1 is also interesting. It leads to 
another family of Al-Salam and Carlitz polynomials. 

It is evident that for the models of the g-oscillator under discussion one can readily 
construct dynamical symmetry group SUq{l^ 1) [4] and write an explicit realization for 
irreducible representations |j, to)^ = ipjj^m{s)'(pj-m{s') of the group5't/q(2) [1,2]. 
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